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Generalized Hermite distribution

I It is a two-parameter count data family distribution.

I These distributions are closed under convolutions.

I They satisfy that the sample mean is the maximum likelihood
estimator of the population mean.

I They hold multi-modality, overdispersion (the variance greater than
the mean), and zero inflation.

I A Generalized Hermite distribution of order m is represented by

X1 + mX2,

where X1 and X2 are Poisson independent variables with respective
intensities a and b, and m ≥ 2 ∈ Z.

I Notation: Herm(a, b,m).



Package hermite

Let Y be a Herm(a, b,m), x a count, p a probability, n a positive integer
and X a sample of counts, the user can:

I Calculate the probability mass function for a given count x :
dhermite(x, a, b, m).

I Calculate the cumulative distribution function for a given count:
phermite(x, a, b, m, lower.tail).

I Calculate the quantile function for a given probability p:
qhermite(p, a, b, m, lower.tail).

I Simulate a sample of size n of Y: rhermite(n, a, b, m).

I Estimate the maximum likelihood for parameters a, b and m for a
given sample X : mle.hermite(X, a, b, m).

I It is available at CRAN repository:
http://cran.r-project.org/web/packages/hermite/index.html



Function dhermite

I This function calculates the probabilities using the recurrence
relation

pk =
µ

k(m − 1)
(pk−m(d − 1) + pk−1(m − d)) , k ≥ m,

where pk = P(Y = k) and the first values can be computed as

pk = p0
µk

k!

(
m − d

m − 1

)k

, k = 1, . . . ,m − 1,

and, µ = a + mb is the population mean and

d =
a + m2b

a + mb

is the dispersion index (the ratio of the variance to the mean).

I In case that a or b are greater than 20 the probability of Y taking k
counts is approximated using an Edgeworth expansion of the
distribution function, P(Y = k) = FH(k)− FH(k − 1).



Function phermite

If a or b > 20, the distribution function is approximated by means of an
Edgeworth expansion, using the following expression

FH(k) ≈ Φ(k∗)−φ(k∗)·
(

1

6
γ1He2(k∗) +

1

24
γ2He3(k∗) +

1

72
γ2

1He5(k∗)

)
,

where φ is the typified normal density function, Hen(k) are the
nth-degree probabilists’ Hermite polynomials, k∗ is the typified
continuous correction of k

k∗ = 1 +
1

24(a + m2b)
· k + 0.5− a−mb√

a + mb
,

and γ1 and γ2 are respectively the skewness and the excess kurtosis of Y.



Function qhermite

When the parameters a or b are over 20, a Cornish-Fisher expansion is
used to approximate the quantile function. The Cornish-Fisher expansion
uses the following expression

yp ≈
(
up + 1

6γ1He2(up) + 1
24γ2He3(up)− 1

36γ
2
1 (2u3

p − 5up)
)
·√

a + m2b + a + mb,

where up is the p quantile of the typified normal distribution.



Function rhermite

This function uses the fact that

Y = X1 + mX2

where X1 ∼ Pois(a) and X2 ∼ Pois(b) independent, to simulate
Generalized Hermite counts.



Function mle.hermite

I Proposition. Let x1, . . . , xn be a random sample from a generalized
Hermite population with fixed m. Then, the maximum likelihood

equations have solution if and only if n(m)

x̄m > 1, where x̄ is the sample

mean and n(m) is the m-th order sample factorial moment,
n(m) = 1

n ·
∑n

i=1 xi (xi − 1) · · · (xi −m + 1).

I If no initial value is supplied for the order m,

m̂ =

∣∣∣∣ s2/x̄ − 1

1 + log(p0)/x̄

∣∣∣∣ .
I This function returns a list with five elements: the estimates of

parameters a and b, the maximum likelihood value, the Hessian
matrix, the likelihood ratio test statistic (for the Poisson
assumption), and the p-value of this test.

I For the next version of package hermite, this function will be
replaced by function glm.hermite, which will fit Generalized
Hermite regression models.



Example. Higueras et al 2015 (I)

The Bayesian-type estimation of the absorbed dose by Cobalt-60 gamma
rays after the in vitro irradiation of a sample of blood cells is given by a
density proportional to the probability mass function of a Hermite
distribution taking 102 counts whose mean and variance are functions of
the dose x , respectively µ(x) = 45.939x2 + 5.661x and
v(x) = 8.913x4 − 22.553x3 + 69.571x2 + 5.661x .

Mode Expected SD 95% CI
1.430 1.432 0.081 (1.275, 1.591)

Table : Statistics summary of the resulting dose density.



Example. Higueras et al 2015 (II)
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